Function of Bounded Variation

We shall now discuss the concept of functions of bounded variation which is

closely associated to the concept of monotonic functions and has wide application in
mathematics. These functions are used in Riemann-Stieltjes integrals and Fourier
series.

Let afunction f be defined on aninterval [a,b] and P ={a=X;,X........ %, =b}

be a partition of [a,b] . Consider thesum »’| f(x) — f(x_,)|. The set of these sums
i=1

is infinite. It changes when we make a refinement in a partition. If this set of sumsis
bounded above then the function f is said to be a bounded variation and the
supremum of the set is called the total variation of the function f on [a,b], and is

denoted by V(f;ab) or V,(ab) anditisalso affiliated as V(f) or V.
Thus

V(f;ab)=spY | f(x)- f(x.)]

The supremum being taken over all the partition of [a,b].
Hence the function f is said to be of bounded variation on [a,b] if, and only, if
its total variation isfinite i.e. V(f;ab) <.

< Note
Sincefor x < ¢ <y, wehave

MOEMCIESMOEMOIEIRICER IS
Thereforethesum | f(x)— f(x_)| can not be decrease (it can, in fact only
increase) by the refinement of the partition.

< Theorem
A bounded monotonic function is a function of bounded variation.
Proof
Suppose afunction f is monotonically increasing on [a,b] and P is any partition
of [a,b] then

n n

D) -f(x)| =D (f(x)-f(xy) =f(b)-f(a)

i=1 i=1
V(f;a,b):sup2| f(x)-— f()g_1)| = f(b)- f(a) (finite)
Hence the function f is of bounded variation on [a,b].
Similarly a monotonically decreasing bounded function is of bounded variation
with total variation = f (a) — f (b).
Thus for a bounded monotonic function f
V(f):|f(b)—f(a)| Q
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< Example
A continuous function may not be a function of bounded variation.
e.g. Consider afunction f, where

xsin~ ; when 0<x<1
f(X) X
; when x=0
0
Itis clear that f iscontinuouson [0,]].
. 2 2 2 2
Let us choose the partition P =10, : peeennen —,—,1
2n+1 2n-1 53
Then

ZIf(>§)—f(>§_1)|=‘f(1)_f@j N f@j_f@j

. 2 . (3n 2 . (3n 2. (5x
snz —=sin| — ||+|=sin| — |-=sin| —
3 2 3 2 5 2

..... + 2 (2n+ Dz 0
2n+1 2
2 (2 2 2 2 2 2 2
=—F| =+ = |+]| == [+ e + + +
3 \3 5 5 7 2n-1 2n+1) 2n+1
:22+22+22+ ............. + 2 2
3 5 7 2n+1
1 11 1
=4 =+ =+ =+ +
(3 5 7 2n+1j
: o .1 1 1 . : :
Since the infinite series =+ c + > F rrevreeeen Is divergent, therefore its partial sums
sequence {S,}, where Sn:1+1+1+ ........ + , isnot bounded above.
3 5 7 2n+1

Thus ) | f(x)— f(x_,)| canbe made arbitrarily large by taking n sufficiently

large.
= V(f;01)—>x andso f isnot of bounded variation. Q

< Remarks
A function of bounded variation is not necessarily continuous.
e.g. the step-function f (x)=[x], where [x] denotes the greatest integer not

greater than x, is afunction of bounded variation on [0,2] but is not continuous.

< Theorem
If the derivative of the function f exists and is bounded on [a,b], then f is of

bounded variation on [a,b] .

Proof
f’ isbounded on [a,b]

- 3 k suchthat | f'(x)| < k V xe[ab].
Let P be any partition of the interval [a,b] then
D) - F(x D)= x—%4f'(c) , celab] (byM.V.T)
< k|b-a|
= V(f;ab) isfinite. = f isof bounded variation. Q
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Note
Boundedness of f' isasufficient condition for V(f) to befinite and is not

necessary.
< Theorem
A function of bounded variation is necessarily bounded.

Proof
Suppose f isof bounded variation on [a,b].

For any xe[a,b], consider the partition {a,x,b}, consisting of just three points
then
| f(0)—f(@)|+] fB)- ()| < V(f;ab)
= |f(0-f(@)] < V(f;ab)
Again
£ (x)|=] @)+ f()-f(a)]
<|f@)|+| f()-f(@)
<|f@|+V(f;ab) <
= f isboundedon[a,b]. a

< Properties of functions of bounded variation
1) The sum (difference) of two functions of bounded variation is also of bounded

variation.

Proof
Let f and g be two functions of bounded variation on [a,b] . Then for any

partition P of [a,b] we have
P +a) )= (F+a) x| =2 { Fx)+90%)} = {F(x_p) + 9(X_)} |
=2 [ F06) = T (%) +9(%) —g(x.,)|
<00 = 06 |+ 2 9(x) —9(x.)]
<V(f;ab)+V(g;ab)
= V(f +g;ab) < V(f;ab)+V(g;ab)
This show that the function f + g is of bounded variation.
Similarly it can be shownthat f —g isalso of bounded variation.
ie. V(f-g) < V(f)+V(9) a

Note
() If f and g are monotonic increasing on [a,b] then (f — g) is of bounded

variation on [a,b] .
(if) If ¢ is constant, the sums )| f(x)— f(X_,)| and therefore the total variation
function, V(f) issamefor f and f —c.

2) The product of two functions of bounded variation is also of bounded

variation.

Proof
Let f and g be two functions of bounded variation on [a,b].

= f and g arebounded and 3 anumber k such that
[ f(X)] < k & |g(¥)| <k V xe[ab].
For any partition P of [a,b] we have
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> (fg)(x)=(fg) (%)
= > [ F)a(%) - F(%_)9(X,))
=] F(x)g(x) = F(x)g(x_) + F(x)a(x_) — f(x_)a(x_)|
=2 F00){a06) - g6} + 906 D {F(6) = (%)}
DRI ICIET[CHIEDI L [CHIRICIERICI]

<k [90¢) = g(x) [+ k2| F (%)~ f (%)
<kV(g)+kV(f)
= fg isof bounded variation on [a,b]. a

< Note
Theorems like the above, could not be applied to quotients of functions because the
reciprocal of afunction of bounded variation need not be of bounded variation.

eg.if f(x) >0 as x— X,, then % will not be bounded and therefore can not
X

be of bounded variation on any interval which contains X, .

Therefore to consider quotient, we avoid functions whose val ues becomes
arbitrarily close to zero.

3) If f isafunction of bounded variation on [a,b] and if 3 a positive number k
suchthat | f(x)| > k V xe[ab] then % is also of bounded variation on [a,b] .

Proof
For any partition P of [a,b], we have

ZH(&)—%(M) :

1
‘Z‘ F(x) (%)
5| f(x) = F (%)
Z‘ f(x)f ()

Z|f(>ﬂ_1)—f(>ﬂ)| (f:a,b)

= % is of bounded variation on [a,b]. Q

4) If f isof bounded variationon [a,b], thenit isalso of bounded variation on
[a,c] and [c,b], where c isapoint of [a,b], and conversely. Also
V(f;a,b)=V(f;ac)+V(f;cb).

Proof

a) Let, first, f beof bounded variation on [a,b].

Take B ={a=X,X,....X,=C} & P={c=Yy, V... y,=b} anytwo
partitionsof [a,c] and [c,b] respectively.

Evidently, P=RUPR, ={a=Xy,.... Xy, Yo, ¥, =D} isapartition of [a,b].
We have

{31 100- 161+ 300 1) < V(tian)
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= ST~ 1] < V(fab)

and i| f(y)—-f(yi)| < V(f;ab)

= f isof bounded variationon [a,c] and [c,b] both.
b) Let, now, f be of bounded variationon [a,c] and [c,b] both.
Let P={a=2,z,...,z,=b} beapartitionof [a,b].
If it does not contain the point c, let us consider the partition P* =P u{c}
Let ce[z_,,z] e z,<c<z, r<n c

X

Then a 4 L., z
S| t@)- @] =X f@)- @)+ @)= @[+ | f@)-f(z)]

i=r+1

si| ()= 13|+ (- (z.)]

+ f(z)- @O+ il f(z)-f(z.)|

i=r+l
<V(f;ac)+V(f;cb)

= f isof bounded variation on [a,b] if it is of bounded variationon [a,c] &

[c,b] both, then
V(f;ab) < V(f;ac)+V(fich) ............. (i)

Now let £ >0 be any arbitrary number.

Since V(f;a,c) and V(f;cb) arethetotal variationof f on [a,c] & [c,b]
respectively therefore 3 partition B ={a=X;,%,%,,...... X, =¢} and

P, ={C= VY5 Yy Y5 Y, =b} Of [a,c] & [c,b] respectively such that

m

D110 )] > V(Fiae) =% (if)
& Z| foy)—f(ya)| > V(f;c,b)—% ............... (iii)

Adding (ii) and (iii) we get
D00 = F) [+ 2] F) = F(y)] > V(Fac)+ V(ficb)—e

= V(f;ab) > V(f;ac)+V(f;cb)-¢
But ¢ isarbitrary positive number therefore we get
V(f;ab)> V(f;ac)+V(fich) .....ooein (iv)
From (i) and (iv), we get
V(f;ab)=V(f;ac)+V(f;cb) Q

(o X-XoR LR oL: XX LR XoRoRogoLogoRogoRogoLoRoLoRoLoge Lol
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< Variation Function
Let f beafunction of bounded variation on [a,b] and x isapoint of [a,b].

Then the total variation of f is V(f;a, x) on [a,X], whichis clearly afunction of X,
Is called the total variation function or simply the variation function of f andis
denoted by V. (x) , and when there is no scope for confusion, it is simply written as
V(X).
Thus V,(x)=V(f;a,x) ; (as<x<b)
If x,X, aretwo points of the interval [a,b] suchthat x, > X, then
0<] F06)~ Q)| V(ix,%)
=V (fiax)-V(fiax)
=V, (%) -V, (%)
= V, (%) 2V, (%)
implies that the variation function is monotonically increasing function on [a,b] .

CHARACTERIZATION OF FUNCTIONS OF BOUNDED VARIATION

< Theorem
A function of bounded variation is expressible as the difference of two

monotonically increasing function.

Proof
We have

f(X) :%(V(x)+ f(x))—%(V(x)— f(x))
=G(x)-H(x)  (say)
We shall prove that these two functions G(x) and H(x) are monotonically

increasing on [a,b].
Now, if X, > X, wehave

G(x) - G(x) =5 [V () ~V () + 1 ()~  (x)]

1
=V = (F(x) = f(x))]
Since V(f;x,%) 2 F(x)—-f(x)
= G(X%)-G(x) 20 ie G(x)=G(x)
so that the function G(x) is monotonically increasing on [a,b] .
Again, we have

H () = H00) = 5[ (V06) -V ) = (00~ (%))

=2[V(Fix,%) ~(100) - 1))

so that as before
H(x)-H(x)=0 ie H(X)>H(x).
I.e. H(X) isaso monotonically increasing function.

Hence the result. a

< Note
A function f (x) isof bounded variation over the interval [a,b] iff it can be

expressed as the difference of two monotonically functions.
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< Theorem
Let f beof bounded variationon [a,b].Let V bedefined on [a,b] asfollows:
V(X)=V;(x)=V(f;ax) if a<x<b, V(a)=0.
Then
1) V isanincreasing functionon [a,b].
ii) (V—f) isanincreasing functionon [a,b].
Proof
If a<x<y<b,wecanwrite
V(fia,y)=V(f;ax)-V(f;xy)
= V(y)-V(x)=V(f:xy)
“ V(f;xy) >0
S V(yY)-V(X) 20 = V(X)<V(y) and(i) holds.
To prove (ii), let D(x)=V(X)-f(x) if xe[a,b].
Then, if a<x<y<b, wehave
D(y)-D() =[V(y) -V(X)]-[f ()~ f(¥)]
=V(f;xy)=[f(y)-f(X)]
But from the definition of V(f;X,y), it follows that
Fy)-f(x) <V(f;xy)
Thismeansthat D(y)—D(x) > 0 and (ii) holds. a

Q>
X

<
O

< Theorem
If ¢ beany pointof [a,b], then V(X) iscontinuousat c if andonly if
f(x) iscontinuousat c.
I.e. A point of continuity of f(x) isalsoapoint of continuity of V(x) and
conversely.

Proof
Firstly suppose that V (x) iscontinuousat c.

Let £ >0 begiven, then 3 o >0 such that

V(X)-V()|<e for |[x-c|<d ..o (i)
Also, we have

[f)=F@©Q] <VX)-V(©) if X>C rcoverrrrrn. (ii)
And

[ f(X)- )| <V()-V(X) if X<C oo, (iii)

From (i), (ii) and (iii), we deduce that
| f(x)- )| <|[V(X-V()|<e for |x-c|<35
Which showsthat f(x) iscontinuousat c.
Now supposethat ¢ isapoint of continuity of f(x) andlet ¢ >0 begiven,
then 3 6 >0 suchthat

| f(0-f(0)] <% for |x—c|<é
Also 3 apartition P={C=yy,Y;.ons Vg Yareoon Yo =D} OF [C,b] such that

i\ F(Ye)— T (You)| > V(f;c,b)—%g ............... (iv)

Since as aresult of introducing addition points to the partition P, the
corresponding sum of the moduli of the differences of the function values at end
points will not be decreased, therefore we may assume that
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O<y-Cc<9$o
&
so that |f(y1)—f(c)|<§ ................ (V)

Thus (iv) becomes
1 1 Q 1
V(fich)—Ze < Ze+ )| f(Y)— F(yen)| < Se+V(fiy,b)
2" 2 4 2

= V(f;c,b)-V(f;y,b) < ¢
= V(y)-V(0) <&
Thusfor 0 < y,—c <o, wehave 0 <V(y,)-V(c) < ¢
lim V (x) =V (c)

x—>c+0
Similarly, we can have
IimOV(x) =V(c)

Which showsthat V(x) iscontinuousat c.

< Note
V(x) iscontinuousin [a,b] iff f(x) iscontinuousin [a,b].

< Corollary
A function f isof bounded variationon [a,b] iff thereisabounded increasing

function g on [a,b] suchthat for any two points X' and X" in [a,b], X <X,
we have
| F(X) = F(X)| < g(x) - g(X)
Moreover, if g iscontinuousat X', sois f.
Proof

X <b
Take g(x):{ 2 asx
0 , X=a
Then g isincreasing and bounded on [a,b].
Also, | f(X)- ()| <V (f) = g(X) - 9(X)
Which also yieldsthat if g iscontinuousat X', sois f.

< Question
Show that the function f defined by
X*Si n1 . xz0
f(X)= X
0 ; x=0
is of bounded variation on [0,1].

Solution
f isdifferentiableon [0,1] and f'(x)=2x sin%—sinx for 0< x<1.
Also

/(0] <

2XSl n1
X

+|sinx| <2+1=3

i.e. f'(x) isboundedon [0,1]
Hence f isof bounded variationon [0,1].
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< Question
X
xcos— , O0<x<1 | .
Show that  g(X) = 2 o is not of bounded variation on [0,1]
. CX=
Solution
Let P= O,i, ! o ll1 be a partition of [0,1].
2n 2n-1 32
Then

D)= ()]

o (S - G -

T 1 T 1 T 1 T
= | COS— — —CO0S— —COS— — —C0S—
2 2 4 2 4 3 6

1 T 1 T 1 T 1 T
=2| =cos— |+ 2| =c0oS— |+ 2| —cOS— |+.....+ 2| —COS—
2 4 3 6 4 8 2n 4n

(1 T 1 T 1 T 1 ﬂj
=2 Ecos—+§cos—+—cos—+ ...... + —C0S—

+ +

which is not bounded.
Hence f(x) isnot of bounded variation on [0,1]. Q

Alternative
We have
| 9(%1) = 9(%) |+] 9 (%) — 9 (X ) |
1 (k+Dx 1 k=«

= CoS —— cos—
k+1 2 k 2

1 /1 1 (k-Drn
— COS - COS
Kk 2 k-1 2

+

2 ©if K iseven
K

1 1

11 o .
a1l k1 :if k isodd

= Vi@ <Y< Yt
ok ik

Z% isdivergent .. V"(g) isnot finite.
k=1

Hence g is not of bounded variation. a




